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1 REPRESENTATION THEORY

In Algebra III, we studied groups, rings (& fields), and modules (& vector spaces).
In this class, we consider composite theories, i.e. interactions between these objects.

We’ll spend time on representation theory (groups < vector spaces) and Galois
theory (fields < groups).

GALOIS MOTIVATION

Consider ax? + bx + ¢ = 0 : a,b,c € F. A solution is given by the quadratic
equation, which contains the root of the discriminant, i.e. b2 — 4ac. There are
similar formulas for the general cubic and quadratic, which contain cube and
square roots. Is there a general solution for a n*" order equation? This question
motivates Galois theory.

Galois was able to associate every polynomial f(x) = a,x" +..+ap:a; € Ftoa
group, which encodes whether f(x) is solvable by radicals.

I Representation Theory

We can understand a group G by seeing how it acts on various objects (e.g. a set).

A linear representation of a finite group G is a vector space V over a field F
equipped with a group action
GxV -V

that respects the vector space, i.e. mg : V. — V with mg(v) = gv is a linear
transformation. We make the following assumptions unless otherwise stated:

1. G is finite.
2. V is finite dimensional.

3. Fis algebraically closed and of characteristic 0 (e.g. F = C).

Since V is a G-set, p : G — Autp(V) which sends g > m, is a homomorphism.

Relatedly, if dim(V) < oo, then p : G — Auty(V) = GL,,(F).

The group ring F[G] is a (typically) non-commutative ring consisting of all linear
combinations {)_ ;cgA¢g : Ay € F}. It's endowed with the multiplication

[Zagg](Zﬁhh]= Y agBu(gh)

geG heG g,heGxG

where, in particular, (3. Ag)v = }_ A,(gv). Then, instead of viewing V as a vector
space over I with the additional group action G x V. — V, we can simply view it
as a module over the group ring F[G].

DEF 1.1

DEF 1.2



DEF 1.3

By G-stable, we mean
gweWVweW,geG

E.G. 1.1

By complex, we mean (a
vector space over) an
algebraically closed field

with characteristic 0.

PROOEF.

PROP 1.1

PROOEF.
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A representation V of G is irreducible if there is no G-stable, non-trivial sub-
space W C V. This definition is somewhat analogous to transitive G-sets. Note,

however, that V is never a transitive G-set, since g6 =0V g

& Examples &

Eg 1: Let G = Z, = {1,7} : 7> = 1. If V is a representation of G, then V is
determined by p : G — Autg(V), i.e. p(7) € Autp(V). What are the eigenvalues of
p(7)? It’s minimal polynomial must divide x*> — 1 = (x — 1)(x + 1).

Supposing 2 = 0 in F, we have
V=V,eV_ V,={veVitw=v},V.={veV:tv=-v}

V is then irreducible < (dim(V,),dim(V_)) = (1,0) or (0, 1), as otherwise we
could take either V, or V_ as nontrivial G-stable subspaces.

Eg 2: Let G = {gy, ..., gn} be a finite abelian group. Let I be algebraically closed
with characteristic 0 (e.g. F = C). If V is a representation of G, then Tj, ..., Ty
with T; = p(g;) € Autp(V) commute with eachother.

If T; commute with eachother, then they have a simultaneous eigenvector v € V
(see Prop 1.1). Hence, the scalar multiples of v comprise a G-stable subspace, so
the representation V is irreducible if dim(V) = 1.

1.1 Finite Abelian Representation

If G is a finite abelian group, and V is irreducible representation of G over a
complex field, then dim(V) = 1.

G = {g1,- gn}- Then consider p : G — Aut(V), and let T; : V — V =
p(gi)- Then, T; and T; pairwise commute (since G is abelian). Ty, ..., Tyy have
a simultaneous eigenvector v by Prop 1.1. Hence, span({v}) is a G-stable
subspace. Since V is irreducible, we conclude V = span({v}). O

If Ty, ..., Ty is a collection of linear transformations on a complex vector space,
then they have a simultaneous eigenvector, i.e. v : Tjv = A;v Vj.

By induction. Consider T. Since F is complex, its minimal polynomial has a
root A, which is precisely an eigenvalue. Hence, an eigenvector exists.

n — n+1. Let A be an eigenvalue for Ty, ;. Consider V) := EigTNH(A), the
eigenvectors for A. We claim that T; maps V), — V), i.e. V) is Tj-stable. For
this, we have Ty, 1 Tjv = TjTy;1v = ATjv, so Tjv € V).

By induction hypothesis, there is a simultaneous eigenvector v in V), for
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Ty, ..., Ty. (Thinking of T; as a linear transformation V), — V) via its restric-
tion). O

& Examples &

Eg 1: Let G = S; and F be arbitrary with 2 # 0. Then consider p : G — Auty(V),
an irreducible representation. What is T = p((23))? T? = I, so T is diagonalizable
with eigenvalues in {1, -1}.

Case 1: —1 is the only eigenvalue of T. Then (23) acts as —I. Since (23) and
(12),(13) are conjugate, (12),(13) act as —I as well (since —I,] commute with
everything). What about p(123)? This is p((13)(12)) = p(13)p(12) = (-I)> = I.
Hence, all order 3 elements act as I. We conclude that p(g) = sgn(g) (i.e. 0 for
even, 1 for odd permutations).

Case 2: 1 is an eigenvalue of T = p(23). Let e; be a non-zero vector fixed by T, i.e.
Te, = e;. Then let e; = (123)e; and e; = (123)%e;. Then {ey, e,, 3} is an Ss-stable
subspace, so V = span(ey, e, €3).

< Case 2a: w = ej +e; +e3 # 0. Then S; fixes w. One checks that o(e; +e; +¢x) =
es(i) T €o(j) + €o(k)- Hence, ow = w.

< Case 2b: e; + ey + e3 = 0. Then V = span(ey, e, e3) as before. dim(V) < 2, and
e1 # ey #= e3. Then (23)e; = ey and (23)(ep — e3) = e3 — e; = —(ey — e3). Hence, we
have two eigenvalues for p(23), so dim(V) > 2 = dim(V) = 2.

Relative to the basis ey, e, for V, the representation of S3 is given by

10 0 1 -1 0 1 -1
1«»(0 1) (12)«»(1 0) (13)«»(__1 1) (23)«»(0 _1)

umwac j) (wme%j a
Conclusion: there are essentially 3 distinct, irreducible representations of Sj:
1. sgn: S3 - C*
2. 1d

3. A 2-dim representation

If Vi, V, are two representations of a group G, a G-homomorphism from V; to
V, is a linear map ¢ : V; — V, which is compatible with the action on G, i.e.

p(gv) =gp(v)Vge G ve V.

If a G-homomorphism ¢ is a vector space isomorphism, then V; = V, as repre-
sentations.

E.G. 1.2

DEF 1.4

DEF 1.5



E.G. 1.3
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& Examples &

Consider G = Dg, the symmetries of a square. We may label this group G =
{1, 2,13 V, H, Dy, D,}. We want to think up some representation p : Dg —
Autg(V), where 2 # 0 by assumption.

Consider r2. It commutes with everything. Then T = p(r?) € Auty(V) is an order
2 element, so T?> = I. Since 2 20, V = V., ® V_, where V, = {v: Tv = v} and
Vo={v:Tv =-v}.

We claim that V, and V_ are both preserved by any g € Dg. Take v € V,. Then
Tgv = r’gv = gr’v = ¢Tv = gv. The result follows similarly for v € V_. Hence,
if V is an irreducible representation, then either V = V, or V = V_,i.e. p(r?) = I
or —I.

Case 1: p(r?) = I, so p is not injective, and ker(p) C {1,7%}). We can write the
following, then:

Dg p > Auty(V)
AN P
P
N e
Ky

Since 27 x 27 = K, is abelian, we have 4 1-dim irreducible representations ¢ into
Aut(V). Hence, we compose with 7 to yield these for Dg.

Case 2: p(r?) = —I. We claim that p(H) has both eigenvalues —1 and 1. If
p(H) =1, then p(V) = p(r*H) = 1. But we also have V = rHr™!, so p(rHr™!) =
p(r)p(H)p(r‘l) =] = 4. We draw a similar contradiction by taking p(H) = —I.
Hence, H has both eigenvalues, so dim(V') > 2.

Let vy, v, € V be such that Hv; = v; and v, = rv;. We claim that span(vy, v;) is
preserved by Dg, and hence span(vy, v;) = V.

onsider r . We know rvy = v, and rv, = r“vy = —vq, so {1, 7, r°, r’} preserve
C d S Dg We k 1 2 d 2 2 1 1 1 243 P
span(vy, vp).

Consider H € Dg. Hv; = v; by construction. Also, Hv, = Hrv; = r'Hv, =
r~tv; = r3v; = r*v, = —v,. Hence, H composed with {1, r, 7%, 3}, i.e. the whole
group Dg preserve span(vy, v,), as desired.
1 0
H o (0 _1)

o ((1) _01) (the rest follow by composition)

Some questions to consider:

1. Can we describe all irreducible representations of G up to isomorphism?
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2. How is a general representation of G made up of irreducible representa-
tions?

If Vi, V, are representations of G, then V; @ V, is also a representation of G, with  pror 1.2
g(v1,v2) = (gv1, §v2).

1.2 Maschke’s Theorem

Any representation of a finite group G over a complex field can be expressed
as a direct sum of irreducible representations.

Let V be a representation of G. Let W be a proper sub-representation of G
in V. Let W’ be the complementary subspace such that V.= W @ W’, as in PROOE.
Thm 1.3. Then dim(W), dim(W’) < n. We proceed by induction, relying on
this lessening of dimension. O

Remark 1: this is analogous to "every G-set is a disjoint union of transitive G-sets."
However, this is a trivial result, but Maschke’s is not.

Remark 2: the assumption |G| < oo is essential. As a counterexample, take (Z, +)

1 n\.

and p: G —» GL,(C) = p(n) = 0 1), i.e. ne; = e; and ne, = ne; + e;. Note that
the line span(e;) is a G-stable subspace, i.e. an irreducible sub-representation
of V. Are there any other invariant lines? Take ae; + be,. WLOG assume b = 1.
Consider W = G(ae; + e;). Then 1-(ae; +e3)=(1 +a)e; +e; € W,s0e; € W 4.

Remark 3: C is necessary. Let F = Z/37%Z, G = S3. Then let V = Fe; + Fe, + Fes.
F(ey + e + e3) is an irreducible representation. Let W be any G-stable subspace
of V. Then da, b, ¢, not all equal, with ae; + be, + ce; € W. Multiplying by (123),
cey +aey + bes € W, and once more by (132) yields be; + ce, + ae3 € W. Hence,
(a+b+c)eg+ey+e3)e W.

We have, then, that (a —b)(e; —e;), (b—c)(e; —e3), (a—c)(e; —e3) € W. At least one
of these must be non-zero, WLOG take a— b = 0. Then ey —ep,¢ep —e3,e3—e; € W.

Wefinde; +ey+e3€ W,so0 W CF(eg +ey+e3) 4.

1.3 Semi-Simplicity of Representations

Let V be a representation of a finite group G above a complex field. Let
W C V be a sub-representation. Then W has a G-stable complement W’
suchthat V. =W e W',

PROOEF.
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Consider a projection 7y : V. — W with n(z) = 1g, Im(71ty) = W. Let ker(m) =
W;. Then we can write V = W @ W;. However, we have no guarantee that
W, is G-stable.

We alter 1t by replacing it with
1 _
n=_=) pg)omgop(g)”
geG
Some properties of 7
1. 7w € End¢(V).

2. 7 is a projection onto W. See that

n? =

1 _ 1 _ _
E Zh?’(oh 1] = #—(;2 Z 108 1]”17"(0]1 L
g,heG

1 -
G Zgﬂog '
g€G heG

where, by writing g (or h), we mean its linear representation in V. Note
that 7tyh~! sends any v € V to a vector in W. Since W is G-invariant,
g 'hroh~! also sends v to W. But now the next 7, acts as the identity
(since we're already in W). Hence, the above summand reduces to
hroh™!, and we may write

1 1
2 _ =1 _ = _
v alrvey > hrtoh =% E hrgh™ =7
g,heG heG

3. Im(mr) = W. Im(7t) C W. But let w € W. Then n(w) = w (check it).

4. nt(hv) = hm(v) Yh € G. See that

1 _ 1 NN
nt(hv) = ic Zgng Yo = C Zgn(h o)y ly
geG geG

Now, let § = h™'g. Then g = hg, and we write

1 .
=3 Zhgngv = hmn(v)
geG

We can now take W’ = ker(7t) and write V.= W & W’. We have that W’ is

G-stable, now, since w e W = mn(gw) = gn(w) = g0 =0 = gwe W'
O

We’ll now give a second proof of Thm 1.2. Consider
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A Hermitian inner product of V is a Hermitian, bilinear mapping
VxV->C

satisfying (v + vy, w) = (vy, w) + (vp, w) and (Av, w) = A (v, w). On the second
coordinate, we have (v, wy + w,) = (v, w; ) + (v, w,) and (v, A\w) = A (v, w). This
"skew linearity" in the second argument allows us to impose (v,v) € R* and
(v,v) =0 & v=0.

One can think of (v, v) as the square of the "length" of v.

i 1.4 Special Hermitian Pairing h

If V is a complex representation of a finite group G, then there is a Hermitian
inner product on V such that

(gv,gw)=(v,w) VgeG and v,weV

Let (, )g be an arbitrary Hermitian inner product on V. To do so, choose a
basis (ey, ..., ;) be a complex basis for V, and define

(ei, e]->0 =0ifi=j1ow

Then <Z?:1 ae;, ) "4 ﬁei> = a1B1 + ... + a,B, € C. Similar to the proof for
Thm 1.3, we will take an average. Consider another inner product

1
(ww)= 2= ) (v g
gcG

This has some nice properties. In particular, (, ) is Hermitian linear, positive
definite, and G-equivalent.

We'll verify positiveness:
1
(v,v) = = Z(g% gv)y =0
8€G >0

Suppose (v,v) = 0. Then } 4 (gv,8v)y = 0, s0 (gv,gv); = 0 ¥g € G. In
particular, for g =1,(v,v)) =0 < v =0.

And to verify G-equivariant, we have (hv, hw) = (v, w). O

DEF 1.6

PROOF.

PROOF OF 1.2
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We provide a new angle to proving Thm 1.2. If W is a sub-representation, let
W+ ={v e V:(v,w) = 0} over the Hermitian inner product outlined in Thm

1.4

Then we may write V. = W @ WL, The G-stability of W+ follows from
equivariance of the inner product. Let w € W,v € Wt = (gv,w) =
<v, g‘1w> =0 = gve WL

This "semi-simple" structure of representations is a rare sight: abelian groups, and
especially groups generally, are not necessarily made of irreducible components.
We ask the following 2 questions:

1. Given G, produce the complete list of irreducible representations up to
isomorphism.

2. Given a general, finite dimensional representation V of G, generate

v=V"eV,"e.eV" V; irreducible

If V and W are two G-representations, we may investigate Homg(V, W) = {T :
T — W : T linears.t. T(gv) = ¢gT(v)}. Note that Homg(V, W) is a C-vector

space.

( 1.5 Schur’s Lemma )

Let V, W be irreducible representations of G. Then

0 VW

H V, W)=
omg( ) {(C 7 g

where Homg(V, W) is the space of G-equivariant linear transformations
S T:V > W. y

Suppose that V 2 W, and let T € Homg(V, W). ker(T) C V is a sub-
representation of G, since v € ker(T) = T(gv) = gT(v) = 0. Hence,
since V is irreducible, ker(T) may be trivial or V itself. If it were trivial, then
Im(T) = V. ButIm(T) € W, so by irreducibility of W we yield a contradiction.
Hence, ker(T) = V,so T = 0.

Suppose that V. = W. Let T € Homg(V, W) = Endg(V). Since C is alge-
braically closed, T has an eigenvalue A. Then T—AI € Endg(V). ker(T - AI)is

anon-trivial sub-representation of V, and henceker(T-AI) =V — T = Al
O
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Recall question (2) from above. As a corollary of Schur’s Lemma, we see that
m; = dim¢ Homg(V;, V).

Homg(V;, V) = Homg(Vj, V; &...® V) = @Hom(vj, Vi):Vi=ViViel

=Co®..0C = dimHomg(V;,V)=m; O
I

|I|=m; times

For an endomorphism T : V — V, the trace, tr(T), is defined as tr([T]g), where
B is some basis. This is well-defined, since basis representations [T],, [T]g are
conjugate, and trace is a conjugate-invariant function.

Let W C V be a subspace and 7 be a function V — W such that 7 = 7t and
Im(7) = W. Then tr(n) = dim(W).

Let vy, ..., v, be a basis for W and v,,4, ..., d,, be a basis for ker(7). Then, since
we can write V = W & ker(m) (recall projection properties), f = dy, ..., d, isa
basis for V. In this basis, 7(v;) = v; for 1 < i < d. Hence

1.0 0!
0 1 0|
[nlp=]i 0 0 1
S

As for the rest of the matrix, 7(v;) for i > d will be mapped to a linear
combination of basis vectors v; : i < d, so, in particular, they will not have
diagonal 1 entries. Since d = dim(W), we conclude tr(mr) = dim(W). Ol

VG = v e V:gv=n1ovVge Gl If V| =C is the trivial action of G, then
Homg(Vy, V) = VC.

VG = Ngec (1-eigenspaces for p(g))

( 1.6 Burnside R

If V is a complex representation of a finite G, then

dim(V©) = %g;tr(p(g»

PROOEF.

DEF 1.7

PROP 1.3

PROOEF.

DEF 1.8

PROP 1.4

PROOF.
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By Prop 1.3, for a projection 7t : V. — W (i.e. Im(nr) = W, ©® = 1), we have

tr(r) = dim(W). Consider

1
mi= 2= p(g) € Ende(V)
geG
Note that Im(7) C V. Let h e Gand v € V. Then
1
hr(v) = e Zhgv = 71t(v)

geG

Conversely, if v € V, then n(v) = v. Hence, V¢ = Im(n) exactly. This also
shows that 7t%(v) = 1(v). We conclude that 7 projects V — VC.

1 1
. G\ _ _ _ =
dim(VE) = tr(m) = tr| = ) p(g)|= 7= ) tr(p(g)
gcG geG
OJ
proP 1.5 Thm 1.6 — Burnside’s Lemma.
PROOF. Consider later. O
CHARACTERS

pEF 1.9 If V is a finite dimensional, complex representation of G, then the character of V
is the function xy : G — C such that

xv(g) = tr(p(g))

PROP 1.6 Xy is constant on conjugacy classes, i.e. xy(hgh™!) = xv(g).

PROOF.  tr(p(hgh™")) = tr(p(h)p(g)p(h)™!) = tr(g) =

E.G. 1.4 & Examples &

Eg 1: Let G = S3. We discovered 3 distinct representations of Ss: the trivial
action p(g) = 1 on V = C; the sgn function p(g) = sgn(g) on V = C; and the
two-dimensional representation given by

1 0 0 1 -1
Id<—>(0 1) (12)<—>(1 0) (13)<—>(_

—_
—_

T —
—
N
W
~

——
O =
I
[ —

T —
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(123)<—>((1) j) (132)9(:1 (1))

Denote these representations by "triv," "sgn," and 2, respectively.

The conjugacy classes and associated traces are hence given by

|1]@12)](123)
Xtriv 111 1
ngn 11 1
X2 210 -1

Eg 2: Recall G = Dg = {1,r,7%,73,V, H, D;, D,}. We have 4 1-dim irreducible
representations given by Dg/(1, r;) = Z; x Z,. Denote these by Xy, ..., X4. We
also have the unique 2-dim irreducible representation given by

1 0 0 -1 2 -1 0 3 0 1
Id<—>(0 1) <—>(1 O) r <—>(O _1) r <—>(_1 0)

-1 0 1 0 0 1 0 -1
V<—>(O 1) H<—>(0 _1) D1<—>(1 0) D2<—>(_1 0)

| L[ {2} | {r,r*} [{V, H} | {Dy, Dy}
Xtriv || 1)1 1 1 1
X 11 |1 -1 -1
xs |[1]1 |-1 1 -1
xe 11 |-1 -1 1
xs ||2]-2 10 0 0

From these two examples, it seems that the number of irreducible representations
coincides with the number of conjugacy classes h(G) of G (also called the class
number of G). It also seems that the sum of squares of the rows, weighted by class
size, is the cardinality of the group. We conjecture:

1
e ZXi(g)Xj(g) = 0jj
geG

Eg 3: The Monster Group, #G ~ 8 - 10°, has a smallest non-trivial representation
of dimension d = 196, 883. py then is given as a collection of 8 - 103 196, 883 x
196, 883 matrices. This is too much information to ever contain in a computer.
However, G has only 194 conjugacy classes, and so x, with 194 complex numbers,
defines V.

xv(1) =dim(V)

PROP 1.7
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prop 1.8  Given representations V and W, Homg(V, W) = Hom(V, W)C, where we view
Hom(V, W) as a representation with the action gT = go T o g~!

PrROP 1.9  Given two G-representations V, W, then V @ W is a representation with g(v, w) =
(gv, gw). Then
Xvew = Xv + Xw

1.7 Character of Hom(V, W)

XHom(V,W) = XVAXW

Let g € G. Then py(g) acting on V is diagonalizable. Let e, ..., e, be a basis
PROOE. of eigenvectors for py(g), with m = dim(V), and ge; = a;e;.

Similarly, let fi, ..., f,, be a basis of eigenvectors for py(g), with gf; = B; ;.

Then xv(g) = LjZ; @; and xw(g) = i, B;.

Let T;; € Hom(V, W), where 1 <i < mand 1 < j < n, be the following

transofmrations
0 k=i
T;j(ex) = .
fi k=i
We claim that Tj; is a basis for Hom(V, W). We have

(gTij)ex) = gT(g " ex) = gT(A ex) = A gTijex

110 j#i 1
:/\kl ~ = gTii = A7 BT
{/\klﬁ,fj j=i 1] ] P17y

Hence, ¢T;; = ai_l/;’j T;j. We have that prom(v,w)(g) is @ mn x mn matrix with

entires (a7 Bj}je(m],je[n], 5O
XHom(V,W)(g) = Z ai_lﬁj = [ia: ][Zﬁ]] [ia_l][iﬁ]]

since «; are roots of unity. But this is x v (g)xw(g) Ol

Orthogonality of Irreducible Group Characters

Let Vi,..., V; be a complete list of distinct, irreducible representations of G. Call
X1, Xt : G — C the associated characters.



13 REPRESENTATION THEORY

Xj € L*(G). Given f;, f, € L*(G) ~ C*C, let (fi, o) = 3= L gec f1(8)f2(g)- This is

indeed an inner product.

1.8 Orthogonality of Characters

|0 iz
<X1rX]>—{1 i

X)) = 5 Y K@X(9)

geG
1
= E ZXHom(Vi,\/j)(g) by Thm 1.8
gcG
= dim¢(Hom(V;, V;)©) by Thm 1.6

C i
= dim¢(Homg(V;, V})) = dim¢ {0 '= by Thm 1.5
o.w.

X1, Xt is an orthonormal system of vectors in L?(G).
X1, - X; are linearly independent. Hence t < dim(L*(G)) = #G.

t < h(G), the number of conjugacy classes of G.

Liiass(G) € L*(G), where L3, (G) = {f : G - C: f(hgh™!) = f(g)}. The
dimension of this space is h(G). O

& Examples &

Eg1: G = S; (see Example 1.2), we had t = 3, with the dimensions of the first
and second representations d; = d, = 1, and d3 = 2. h(G) = 3 is hence a tight

bound.

Eg 2: G = Dg (see Example 1.3), wehad t =5withd; =... =dy =1and d5 = 2.

Once again t = h(G).

PROOEF.

PROP 1.10
i.e. an orthonormal basis
PROP 1.11

PROP 1.12

PROOF.

E.G. 1.5



PROOF.

DEF 1.10

PROP 1.13

PROP 1.14

PROOE.

PROP 1.15

PROOEF.
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1.9 Character Characterizes Representations

If V.and W are two complex representations of G, then V is isomorphic to
W as a representation &= xv = xw-.

V= Vlm1 DD Vtm‘, where V; are irreducible, by Thm 1.2. Then

Xv =miXy ..+t mgx;

Note that, by the orthogonality of characters, (xv, xj) = m;, and hence V is
determined by xy . O

Regular Representations of G

In Prop 1.11, we argued that, for characters xy, ..., x, t < h(G), the class number
of G, by seeing that {x, ..., x:} € L ..(G).

class

Consider C[G] = {}_ gegAg8 : Ag € C}. Then G O C[G] by left multiplication. We
call C[G] the regular representation, and denote Ve = C[G].

)(Vreg(g) =#he G:gh="h}=

#G g=1
0 0.w.

Every irreducible representation occurs in Ve, with multiplicity equal to its
dimension, i.e. if d; = dim¢(V;), then

d d
Vieg = Vite---e V!

We write V,

e = V" @-- @ V", where m; may be 0. Then

1 -
m; = <Xreg; X]> = ¥G ZXreg(g)Xj(g)
geG
1 .
= E#ij(l) =dim(V;) O

We conclude #G = d? +... + df.
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dim(V,eg) = #G = dim(vldim(vl) RS thim(Vt))

= dim(V}) dim(V}) + ... + dim(V;)dim(V;) O

1.10

Let t be the number of distinct irreducible representations of G. Let h(G) be
the class number of G. Then t = h(G).

C[G] = Vldl & @ tht. Note that C[G] is not just a G representation, but a
ring under the following multiplication rule:

Z“gg Zﬁhh = Z agpngh

g€eG heG g,heG

We then take p = (py,..., p¢t) = G — Aut(Vq) x --- x Aut(V;). We can write
p : C[G] — End¢(Vy) @ - - @ End(V;) by linearity, i.e.

Z/\gg B (z)\gm(g), Z/\gpt(g))

Observe that dim(C[G]) = #G and dim(End(V;)®---®End(V})) = d12 +.+d?

We show that p is an injective ring homomorphism. Let 0 =} ccca,8 €
ker(p). Then pj(0) = 0 = 6 acts as 0 on V;. Hence 0 acts as 0 on all
irreducible representation Vi, ..., V; and hence as 0 on all representations (by
Thm 1.2). Finally, then, 6 is 0 on C[G], so in particular 6 -} ,.;a,8 =0 =
01 =0 = 0 = 0. So p is injective.

dim(C[G]) = dim(End(V;) & - -- @ End(V})), so p is also surjective. Hence
ClGl =My (C)® -0 M,;,(C)
We compute the centers Z of these rings
dim Z(C[G]) = dim{x = Z/\gg : x0 = 0x Y0 € C[G]}

dim Z(My (C)®--- & My, (C)) =dimCeo---0C=t

We claim that 6 = }_ A,g € Z(C[G]) & hO = OhVh € G, i.e. it is sufficient
to show that an element commutes with the group to show commutativity

PROOF.
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with the group ring. But

— )\h_lgh:)\g Yhe G, geG
hence, g — A, isa class function, so dim(Z(C[G])) = h(G). But dim(Z(C[G])) =
t, so we conclude t = h(G). O
ABELIAN GROUPS

If G is abelian, we’ve seen that all irreducible representations Vi, ..., V; have
dimension 1. From above, t = h(G), but since G is abelian, t = h(G) = #G. A
direct proof would look like:

PROOE.

G%"d1ZX“'er2d1|'“|dr

by structure theorem. Hence, if p is an IRREP of G, then p : G — Aut(C) = C*.
Let G be generated by {gy, ..., g;}, where gl.d’ = 1. Then

G={g g :a;<d}

p is completely determined by the elements p(g;), ..., p(g,). Consider
pa={EeC*: &4 =1)

Consider now Hom(G, C*) = pg, X --- x pg by

o = (p(g1) - p(&r))

This is a natural isomorphism, where we note that Hom(G, C*) and p,4, x
-+ X g have group structure. Let G = (irrep of G}. Then, also, G =
{irreducible characters of G}. As a group, G = G, but we’ll see this later

(it’s not natural). O
FOURIER ANALYSIS
We are primary concerned with

L*(G) = {square integrable functions from G — C} = C*6
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where

IFIP = 5 Y If(@)F <o

geG
for ¢ € L?(G). Note that L?(G) is a Hilbert space with
1 _
i) =55 ;fl(g)fz(g)
8

Let G = {xy,..., x|} be the irreducible characters for G. Then G is an orthonormal
basis for L?(G), and so, for f € L?(G), we can write

f=&u xa+ -+ Han
Given f € L2(G), the function f : G — C defined by
A 1 _
foo =55 ) x@F(8) =(xf)
geG
is called the Fourier transform of f over G.

Correspondingly,
f=) foox

x€G

is called the Fourier inversion formula.

& Examples &

Eg 1: G = R/Z. Let L?(G) be the space of C-values period functions on R, i.e.

f(x+1) = f(x), which are square integrable on [0, 1]. Then

. 1
i fo) = fM A0 folx)dx = fo A fa(x)dx

Then G = Hom(G, C¥). Any homomorphism from R — C* looks like x > e

But we also must satisfy
An — 1

Hence, A = k2m for k € Z. Hence,

A

G={xj:jeZ: Ai(x) =¥} =7

Recall, if G is abelian, then C[G], the group ring, is commutative. We also have
C[G] =P 1e¢C by the map

D Agg () Agx(e)

geG

Ax

PROP 1.16

DEF 1.11

DEF 1.12

E.G.1.6
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of S, only when n = 4, 3.
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Character tables of Sy and As
Consider Sy

Recall #S4 = 24 and there are h = 5 conjugacy classes. The classes of this group
are as follows:

name \ rep \ size

1A | (1) 1

2A (12)(34) | 3

2B |(12) 6

3A (123) 8

4A | (1234) |6

and we have the character table (to start):

char | 1A |2A | 2B |3A |44
X1 1 [1 [1 [1 J1
Xsgn = X2 1 1 -1]1 -1

It suffices to look at abelian quotients of S4 to find its 1-dim irreducible represen-
tations, hence the normal subgroups of S;. One can mod out by A, to yield the
sign homomorphism from S; — C*. There are no other abelian quotients, so this
is the only 1-dim rep.

Note that Ky, the Klein 4 group, is naturally embedded in S4, and also S4/Ky = S3.
Let ¢ be this homomorphism. Recall the character table of S; from Example 1.4:

| 1](12)](123)
Xuiv |11 |1
ngn -1 1
X2 210 -1

We compose ¢ with the 2-dim representation x, above. 2A (i.e. (12)(34)) in Sy is
in the kernel of @, so it will be mapped to the identity, i.e. have trace 2 as well.
The image of 2B (i.e. transpositions) are exactly transpositions in S3, and hence
we have 0. Order 3 elements in S, get mapped to order 3 element in S3, and hence
we maintain -1 as the trace. Lastly, 4A becomes a transposition.

char |1A[2A | 2B|3A | 4A
X1 r |1 |1 |1 |1
Xsgn = X2 1 1 -11 -1
X3 2 |2 |0 |-1]0

We're still missing 2 representations, since h = 5. We have the natural represen-
tation given by permuting 4 basis vectors. The trace of these representations is
given by how many fixed points a permutation has, i.e. (1A4,2A,2B,3A,4A) =
(4,0,2,1,0). This "natural" representation may be decomposed into the trivial
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representation and an irreudcible representation. Hence, we subtrace each trace
by 1 to yield

char |1A|2A | 2B |3A | 4A
X1 1 [1 [1 1 [1
Xsgn = X2 1 1 -111 -1
X3 2 |2 |0 |-1/0
X4 3 |-1|1 |0 |-1

We still need to check that x4 is irreducible: for this, we compute (x4, x4), and
find that it is 1. To find the 5th representation, we can weasle our way out
via number theory. To start, we know the inner product of the columns with
themselves is equal to #54 = 24, i.e.

1+1+2243%+ x5(1)? =24 = x5(1)=3

We could also try taking Hom(V;, V;) for two of our existing representations, and
hope it is irreducible. Since XHom(V,,V)) = X_VfXVj' it should be that Xw(l)XX/j(l) =3
The trivial representation won’t do us any good, so our only valid path forward is
Hom(V,, V,). Filling in the character table would yield

char |1A|2A | 2B |3A | 4A
X1 1 [1 [1 1 [1
Xsgn = X2 1 1 -111 -1
X3 2 |2 |0 |-1/0
X4 3 |-111 |0 |-1
Xs 3 |-1]-1]|0 |1

One verifies that (x5, x5) = 1, so x5 is irreducible.
Consider As.

It’s cardinality is #A5 = 60 and it has no normal subgroups (hence, the method of
finding abelian quotients won’t work!). It’s conjugacy classes are as follows:

name ‘ rep ‘ size
1A (1) 1
2A (12)(34) | 15
3A (123) 20
5A (12345) | 12
5B (12354) | 12

Once again, h = 5. Let’s start building the character table

char | 1A |2A | 3A | 5A | 5B
x1 |1 |1 |1 |1 |1

# 1 |15]20 |12 |12
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We can take the standard permutation representation and subtract off the trivial
representation to yield a (hopefully) irreducible representation: (14, 24, 3A,5A, 5B)
have (5,1, 2,0, 0) fixed points, so:

# 15 |20 |12 |12
char | 1A | 2A |3A | 5A | 5B
x1 |l |1 1 |1

X2 -1]-1

One checks that xi, x, are orthogonal, and further that (x,, x,) = 1 (for irre-
ducibly). Recall that S5 acts transitively on S5/F,¢g = As/Djy =: X, a set of 6
elements. Hence, we can consider how many fixed points of A5 acting on X exist.
Recall that an element g € A5 fixes a coset hD;, <= hgh™! € Dy,.

5A On X, a five cycle acts as a five cycle (can you think of any other order 5

element permuting 6 letters?), which has 1 fixed point.

5B Same as above.

3A A 3 cycle does not exist in D;, so no cosets are fixed.

2A One finds two copies of (12)(34) in Dy, and hence two fixed cosets.

# 1 15 |20 |12 |12
char | 1A |2A | 3A | 5A | 5B
X1 1 1 1 1 1
X2 4 |0 1 -1 -1
X3 5 1 -1]0 |0

We have two more representations to weed out. We can figure their dimensions,
since 1 + 16 +25+d; +d2 =60 = d; +d2 =18 = dy = d5 = 3. Hence, we
will search for 3-dim representations.

It is interesting that A5 acts on 3-dim space... we know that A5 is the symmetry
group of the icosahedron and dodecahedron. Consider g = 2A under the action
on one of these objects.

Consider GL3(F;)

Recall some key facts: #GL3(FF,) = 168 = 23 -3 -7, and it has a Sylow 2 subgroup
isomorphic to Dg. We may first consider a trivial representation. Then, typically,
we consider the permutation representation of GL3(IF,) on some transitive G-
set. But F3 # 0 is such a set, and we generate x, by subtracting off the trivial
representation.

Then, for x;, we consider X, the set of Sylow 7 subgroups. #X|24 and #X =, 1,
so #X = 8. It is not 1, or else we would find a new conjugacy class. As a G set
under conjugation, X = G/H, where H is the normalizer of a Sylow 7 subgroup
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P; (it must have cardinality 21). Then P; is, by definition, a normal subgroup
of H, so we consider H/P, = 3Z. Let m : H — 3/Z be the quotient map. Then
! = ker(m) = Py, and every element which maps to 1 or 2 under this map is of

order 3.

H has 6 elements of order 7, and 14 of order 3 (1 of order 1). Elements of order 2
or 4 in G may not fix any cosets G/H, since then gaH = aH = a 'ga € H, and
2,41 21. Then, if g € 7A, then g acts a cyclic permutation of length 7 on G/H,

and therefore has a unique fixed point.

C[V*] = {Zw e VA, [w]: A, €eC} where V*= Fg —{0}

size 1 21 |56 |42 (24 | 24
class 1A | 2A |3A |4A |7A | 7B
Xeiwv=x1|1 |1 |1 |1 |1 |1
X2 6 0 -1 | -1
X3 7 -111 -110 0

INDUCED REPRESENTATIONS

Recall the permutation representation of G, i.e. how G permutes a transitive
G-set X = G/H. We can view such a representation V as

V={f:G/H—C)

where gf(x) = f(g~'(x)). We may also write V as

V={f:G—C: f(xh) = f(x)Vh € H)

Consider a subgroup H < G and let x : H — C* be a homomorphism, i.e.
x € Hom(H, C*). Then the induced representation Indg()() is given by

Viy={f:G—C: f(xh) = x(h)f(x)Vh € H}
We observe some key facts about the representation V.

V, is preserved by the action of G, where we obey the rule gf (x) = f(g™'x).

Let f € V,,g € G. Then gf(xh) = f(g~'(xh)) = f(g~'(x)h), and since f € V,,
x(hf(g7'(x)) = x(h)gf(x). Hence, gf € V.

dim(Vy,) = #G/H =[G : H].

Since 3|ord(g)|21, and
gep

DEF 1.13

(Hopefully)

PROP 1.17

PROOEF.

PROP 1.18

PROOF.
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Let ay, ..., a; be a set of coset representatives for G = a;H U --- U a;H. We
claim the function

f = (f(al)""l f(at)) eC!

is an isomorphism from V, — C'. We find that this is injective by computing
the kernel. If f € ker, then f(a;) = ... = f(a;) = 0. But since f € V,,
flajh) = x(h)f(a;) = 0. Hence, f(g) = 0 Yg € G. Conversely, for surjectivity,
if we know how f acts on a;, then we know how f acts on all g € G, since we
may write ¢ = a;h for h € H and some a;. O

Hence, if H is a quotient of G, then any representation of H yields a representation
for G. Quotients are quite rare, though, and we observe further that for any
subgroup H < G, any character of H yields a representation for G.

g 1.11 Basis of Induced Representation R
Fix an induced representation Vy, on which we write instead f : G — C:
f(xh) = p~1(h)f(x) for f € Vy. For all g € G, then

Xv, = Z P(a”' ga)
aHeG/H
a'gacH
\ J

We fix a basis for V,,. For a € G, let 6, be the unique function in V, satisfying
04,(a)=1 6,(x)=0x¢aH

Since 6 € V,,, we have 6,(ah) = =1 (h). Then 0q,, -+ Og, are linearly indepen-
dent for coset representatives 4;, since all but 9, (a;) terms disappear.

Let an element ¢ € G map a coset ga;H = ajH. Then ga; = ajh; for some
h; € H. Observe, then, g0, = 64, and 64, = P (h)0,.

géaj = 6gaj = 6aj/hj = lzb(h])éa/

]

Then, finally,
t t
xv () =) ) =) wlaj'ga)= ) p(aga)
j=1 j=1 acG/H
gaH=aH
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1.12
xv,(8) = #H#C 2:
C(g)n
_ 1 _
xv,(8) = Z W(a'ga) = 0 Z P(a'ga) PROOF.
acG/H acG
gaH—aH ’lgaeH
Z Pla” #H #C Z
acZ(g Z(g)\

where, by Orbit Stabilizer, Z(g)#C(g) = #G. We further get an isomorphism
Z(g)\ G = C(g). [

& Examples & E.G. 1.7

Let G = GL3(IF,) and H be the normalizer of P;, a Sylow 7 subgroup of G. Consider
Vy = Indfl(z,b), where 1 is the 1-dim representation via H — Z/37Z. By the
theorem above, its character on 1 is

8)(—211[)

There are no order 2 elements in the Sylow subgroup of order 7, so its character
is 0. The same holds for elements of order 4. For order 3 elements, we have

1 1/, omi ami
SX% Z V(g :7 763 +7e3)——1

geord=3eH

To find the number of order 3 elements, we consider the quotient map H — Z/3Z,
and in particular the preimage of 1 and 2 (which are order 3 elements). Then,
there are at least 7 elements of each, and so 14 in total.

For order 7 element, we consider both 7A N H and 7B N H. One would imagine,
since there are 6 such elements in total, that the classes are split 3 and 3. But this
is true: if ¢ € 7A, then g2 and g* belong to 7A, but g%, g%, ¢3 belong to 7B. We

yield 6 distinct elements, and hence conclude that they are distributed 3 and 3.  Hint about this fac: consider
x> +x?+1 ¢ 7Aand
1 24 x3+x+1 < 7B
8 x — =—=1
21 ) e =5
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The same will occur for 7B, and we add a character row.

size 1 21 |56 |42 |24 | 24
class 1A |2A | 3A|4A|7A | 7B
Xwiv=x1|1 |1 |1 |1 |1 |1
X2 6 -1 | -1
X3 7 -111 -1

X4 8 |0 |-1]0 |1 1

One checks the inner product of x4 with itself to conclude that is is irreducibility.
To find the dimensions of the remaining characters ds, dg, we have

1+6°+72+8%+d2+d} =168 = d2+d; =18 = ds=dg=3
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TENSOR PRODUCTS

Previously, we’ve seen how to generate new representations from old ones, e.g.
with direct sums V; @ V,, where g(v, w) = (gv, gw) and Hom¢(Vy, V,), where
gT = ¢gTg !. The characters of these new representations is x| + x» and X7 x»,
respectively.

One could also take Hom(Vy, C) := V*, the space of linear functionals (one envis-
ages C as the trivial representation). Then xy- = xv.

V1 ® V, := Homc( V7, V) is the tensor product of V; and V. DEF 1.14
dim(V; ® V,) = dim(V;) dim(V5). PROP 1.19
Given v € V},v, € V), we define v; ® v, € V; ® V) to take € € V| > {(v})v,. DEF 1.15

Let ey, ..., e, be a basis for V; and fi, ..., f,, be a basis for V,. Let vy = aje; +...+a,e,
and Vy = blfl + ...+ bmfm- Then

V1 ® v = (@16 + o+ Ayey) & (D1fi + o+ byuf) = ) aibj(e; ® f)

G actson V; ® V; by g(v1 ® v2) = (gv1) ® (gv2). Then xv,gv, = Xv, Xv,- PROP 1.20

Fix g € G. Let {e;} and {f;} be bases of eigenvectors for g. Then let ge; = A;e; PROOF.
and gf; = p; f;. We have

gle; ® fj) = (gei) ® (g fj) = (Aie;) ® (pjfj) = Aipjle; ® fj)
Then tr(pV1®V2(g)) = Zie[n],je[m] /\i.”j = (Zie[n] /\i)(Zje[m] ”]’) = tl‘(Pvl(g))tr(Pvz(g))~

One may also observe directly via XHom(v,,v,) = XV, X v, O

APPLICATIONS OF REPRESENTATIONS

Let V is a representation of Gand T : V — V be a G-equivariant endomorphism,
i,e. € Endg(V). If V=V, ®-.- @V, for irreducible, distinct representations of
multiplicities all 1, then T(V;) C V; and T(v) = Ajv Yv € V;. By composing
inclusion maps and projection maps, we have
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Finite, C-valued functions on
X
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Where 77; € Homg(Vj, V) and 7; € Homg(V, V;), as shown below. Take an arbi-
trary v = vy + ... + v;. Then g distributes over the sum, and so

gni(v) = gv; = m;g(v)

We write T;; = ;Tn; € Homg(Vj, V;). By Schur’s Lemma, then

T — 0 i=j
Yo i=g

We observe this manually: let v € V; = V;. Then
T(v)=mT)+..+ 1 T(v) = T1j(v) + ... + T;j(v) = Tjj(v) = Ajv

Using this, we have

Tiy Ty - T
Ty Ty - Ty

T(v)=| . : T;j € Homg(V;, Vj)
Ttl th A Ttt

In the extreme setting where V; = F and V is I, T;j € Homg(FF,F) = F. Then
T : V — V are represented by our familiar t x t matrices with entries in F, as
above.

& Examples &
Let X be the faces of a cube. Let V = L?(X) (9 G = S4. Then let
1
T:V—V:T(p)x) = };(pm

where y ~ x &= y and x are adjacent faces. We wish to decompose L?(X) = V
into a sum of irreducible representations of S;. Recall the characters of Sy itself:

class | 1A | 2A | 2B | 3A | 4A

size |1 |6 |3 |8 |6

X1 1 1 1 |1 1 | triv

X2 1 |(-1]1 |1 |-1]sgn

X3 2 2 |-1]0

Xa 3 11 -1]0 |-1 |natural

Xs |3 |1 ]-110 |1 |x2®x4

X6 6 ([0 |2 |0 not irrep, calculate FP on X

We conclude from this table that L>(X) = V| @ V3 @ V. The trivial representation
V1 is comprised of all constant functions.
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A function ¢ : X — Cis called even if ¢(X) = ¢(x’), where x” is the face opposite
to x. The dimension of the vector space of even functions, say L?(X),, is hence 3.

If ¢ € L*(X),, then gp(x) = @(g™'x), and gp(x') = @(g7'x’), so p(g7'x) =
@(g71x"), so G preserves L?(X),. We want to extract the trivial representation out
of these functions, so define

L2(X)+,0 ={p: X->C:pce€ L*(X), and Zqo(x) =0}

with this we can write
Vi @ V3 eVs
l—1

| m—
constant fns  L?(X), o

L2(X).

Similarly, we consider the space of odd functions L>(X)_ = {¢p : X —» C: ¢(x') =
—@(x)}, and extract the trivial representation similarly to yield L?(X)_.

Recall that T, defined at the start, preserves V;, V3 and V5. T(1) = 1, thankfully.
If ¢ € V5, then T(¢p) = 0. If ¢ € V3, we consider

DEF 1.16
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I Galois Theory

per2.1 If E and F are fields, then E is an extension of F if F is a subfield of E.
We always take fields to be ) ) )
commutative, unless  If E is an extension of F, then E is also a vector space over F. Hence, we have

specified. o . . o
DEF 2.2 The degree of E is dimg(E), the dimension of E as an F-vector space. It is either a

positive integer or infinity. We sometimes denote [E : F| = dimg(E).

DEF2.3  E over F is called a finite extension if [E : F] < co.

E.G. 2.1 & Examples &

Eg 1: Consider E = C and F = R. Then [C : R] = 2, with a basis {1, i}.
Eg 2: Consider E = Cand F = Q. Then [C: Q] = oo.

Eg 3: Let F be arbitrary, and E = F[x]/{p(x)), where p is irreducible, i.e. E are
polynomials in F with degree < p(x). In particular, E is an extension of F, and
[E : F] = deg(p).

Eg 4: Let E = F(x) be the fraction field of F[x], i.e. all expressions l% :f,geF[x], g+ 0}.

Then [E : F] = oo, in much the same spirit as Eg 2.

2.1 Multiplicity of the Degree

Let K C F C E be finite extensions. Then

[E:K]=[E:F][F:K]

Let n =[E: F]and m = [F : K]. Let ay, ..., @, be a basis for E as an F vector
PROOE. space, and similarly, 1, ..., B, be a basis for F as a K vector space. Let a € E.
Then
a= /\10(1 P oo /\nan

uniquely for A; € F. But each A; may be written uniquely as

—

ARSI B A B — 1ﬁ

where A;; € K. Then, substituting this expression in for A;, we see that

> > > - g
a:Alﬁa1+...+An/3an: Z/\i]‘aiﬁj
1 j=1

i=
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and hence {a; [3]} 1<i<n is a K basis for E. O
1<j<m

A complex number is constructible by ruler and compass if it can be obtained from
Q by successive applications of + or 4/-. Alternatively, @ € R is constructible if
there exists quadratic extensions Q C F; C --- C F,, such that [F;;; : F;] = 2 and
a €F,.

The set of elements constructible by ruler and compass is an extension of Q of
infinite degree.

2.2 Non-Constructible Roots

If @ € R satisfies an irreducible, cubic polynomial over Q, then a is not
constructible by ruler and compass.

Suppose that a is constructible. Then Q C F; C --- C F,,, where [F;,; : F] =2,
and F; = Fi(+/a;) : a; € F;. Then a € F,, and in particular [F, : Q] = 2".

But Q[x]/p(x) = Q(a) for the cubic p of interest, where we consider the
homomorphism Q[x] — Q(a) by f(x) — f(a). We can write, then [Q(a) :
Q] = [Q[x])/p(x) : Q] = 3. But a € F,, and a € Q(«), so F,, is a Q(a) vector
space of dimension d. In other words, 3d = 2", which is a contradiction.

‘ ”

\ \

In fact, then if a € R satisfies any irreducible, odd-degree polynomial over Q,
we get this result. O]

& Examples &

As a consequence of Thm 2.2, we cannot duplicate the unit cube, since V2 is not
constructible (is it the root of x% - 2). Similarly, we cannot trisect an angle, since
cos(zn) satisfies 4x® — 3x + 5 = 0.

DEF 2.4

In fact, if a € R satisfies any
odd-degree irreducible, then
this holds

PROOF.

E.G. 2.2



DEF 2.5

Since we can essentially
associate with each a a
polynomial in Q. But Q is

countable, and hence Q[x] is.

PROP 2.1

PROOEF.

DEF 2.6

PROP 2.2

PROP 2.3

PROOEF.

PROP 2.4

PROOEF.
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Let E/F be a finite extension. An element a € E is algebraic over F if a is the root
of a polynomial in F[x].

For example, V2 is algebraic over Q (see x*> — 2), and i is algebraic over Q and R

(see x> + 1). However, 7 is not algebraic over Q, but it is algebraic over Q(73) (see
3

x% — 7e3). The set of a € R which are algebraic over Q is countable!
If E/F is a finite extension, then every a € E is algebraic over F.

1,a,a?, ..., a" cannot be linearly independent, since [E : F] = n. Hence, there

exist coefficients which vanish a linear combination of these elements. O

The automorphism group of E/F is
Aut(E/F):={0:E > E:0(x+y)=0(x)+0(y):o(xy)=0c(x)o(y): olp =1}
o(1)=1,0(0)=0,0(a"') = o(a)”! for 0 € Aut(E/F).

If [E : F] < oo, then Aut(E/F) acts on E with finite orbits.

Consider an element a € E. Since « is algebraic for F, there is a polynomial
a,a” +..+aja+ag=0,where g; € F. Let 0 € Aut(E/F). Then

ola,a” +..+aja+ay) =0
by Prop 2.2. But, by linearity and vanishing conditions, this is also
o(a,a”) + ...+ o(aa)+ o(ag) = azo(a)’ +... + ajo(a) + ag

We conclude: if a is a root of f(x) € F[x], then o(a) is a root of f(x). Hence,
the orbit of a under the action of Aut(E/F) will be contained in the roots of
f(x), which is finite. O

We only used the fact, here, that a € E is algebraic. Hence, if E/F is an algebraic

extension (i.e. all @ € E are algebraic), then the result also holds.

If [E : F] < oo, then #Aut(E/F) < oo.
Let ay, ..., a, be generators for E over F. Let G = Aut(E/F). Then
E =F(ay,..., ay)

If 0 € Aut(E/F), then ¢ is completely determined by (o(a;), ..., o(«,,)), which
is completely contained in

orbg(ay) X --- x orbg(a,) O



31 GALOIS THEORY

& Examples &

Suppose that E is generated over F by a single element a. Then E = F(a). Let
p(x) € F[x] be the minimal polynomial of @. We have ev, : F[x] — F[a] by
f(x) — a. Then ker(ev,) = (p(x)). Hence, F[x]/(p(x)) = Fla].

F[x]/( (x)) is an integral domain, and hence a field, so F[a] = F(a). Hence
[F(a) : F] = deg(p).

o0 € Aut(F(a)/F) is determined by oca € {roots of p(x)}, which, as a set, is <
deg(p(x)) = [F(a) : F], so we have

#Aut(E/F) < [E : F]

This inequality is true in general.

Any homomorphism ¢ : E — E is automatically injective. In fact, since [E : F] <
o0, it is automatically surjective as well.

If E/F is any finite extension of fields, then #Aut(E/F) < [E : F].
We’ll proceed by induction on the number of generators for E over F. Let
E =F(ay, ..., ay).

Notice Aut(E/F) = Hompg(E, E). Let M be any extension of F, and consider
Homp(E, M). We'll instead prove #Hompg(E, M) < [E : F]. The n = 1 is similar
to the example above. E = F(a) = F[a], where p,(x) € F[x] is the minimal
polynomial of @. Then d = [E : F] = deg(p4(x)).

Consider ¢ € Homg(E, M). Then the map ¢ — ¢(«)is an inclusion Homp(E, M)
into the roots of p,(x) in M, by observing

d-1 d-1
plag+..+ag 10" )=apg+..+a;1¢(a)

Now we show n — n + 1. Set E = F(ay,...,a,,1). Let F' = F(ay,..., a,). If
F’ = E, then we’re done. One may write E = F'(a,1). Let [F': F] = d; and
[E: F']=d,.

Let g(x) € F’[x] be the minimal polynomial of «,,;. Then d, = deg(g(x)).
Compute the restriction map

Homp(E, M) — Homp(F’, M)

We know, by induction, #Homg(F’, M) < [F’ : F] = d;. We ask: given ¢, €
Hompg(F’, M), how many ¢ : E — M’s exist such that ¢|p = ¢(? Consider

g(x) = Adzxdz ot Ax+Ap: A eF

E.G. 2.3

PROP 2.5

PROP 2.6

PROOF.



DEF 2.7

E.G. 2.4

DEF 2.8

PROP 2.7
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a4 satisfies ¢. Then ¢(a,,1) is a root of the polynomial ¢(g(x)) € M[x],
so there at most d, choices of roots. Hence, #Homp(E, M) < dy - d, = [E : F]

An extension E/F is called Galois is #Aut(E/F) = [E : F]. We the write Gal(E/F) :=
Aut(E/F).

& Examples &

Egl: Let F=Cand F =R, [E: F]=2. Wehavec:C - Cby x+iy — x —iy.
This is a field automorphism, so Aut(C/R) C {1, c}, and indeed = {1, ¢}, since
#Aut(C/R) < [C:R] < 2.

Eg 2: Let F = Qand E = Q(V2) = Q[x]/(x® - 2) € R. Then Aut(Q(V2)/Q) < roots
of x3 — 2 over Q(V2) C R. But the only such root is V2, so #Aut(Q(v2)/Q) =1 < 3,
so Q(V2) is not Galois over Q. What can we do to make this Galois?

Eg 3: Let F = Q as above and E = Q(%, &), where &3 =1 is the cube root of unity,
and satisfies x% + x + 1. We claim that E is Galois.

Q(V2, )
Q(¢) 6 Q(V2)

e

Hence, [E : Q] = 6. Now let ¢ € Aut(E/Q). Then ¢(&) will be a root of xi+ x+1,
i.e. & or &. Similarly, (V2) will satisfy x> — 2, so it may be V2, £V/2, or £V/2.

Now, let r; = V2, ry = 5\3/5, and r3 = E\S/E These are the three roots of x3 — 2. We
will construct a table of automorphisms depending on where ¢ sends & and V2.
£ |E0¢

V2 -2 Id (r2 13)
V2= &V2 | () | (11 72)
V2 &EV2 [ (i r3m) | (1 13)

Hence, Gal(E/F) = S3, and has size 6, as desired.

Let E/F be a finite Galois extension. Consider G = Gal(E/F). Then
EC={acE:ga=aVgeG)

EG is a subfield of E, which contains F.
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(2.3 EC=F )

E
PROOF.
EG
|

F
We know #G < [E : EC], since G ¢ Aut(E/E®), and also [E : F] = #G,
since E/F is Galois. But [E : EC]|[E : F] by multiplicity, so we conclude
[E:EC]=[E:F] = [EC:F]=1.Hence, EC = F exactly. O
2.4 If E/F is Galois, it is Normal
If f(x)is an irreducible polynomial in F[x] which has a root in E, then f(x)
splits completely into linear factors in E[x].
Let r € E be a root of f(x). Let {ry, ..., r,,} be the orbit of r € E under Gal(E/F).
Consider now PROOE.

8(x):= (x = r1)---(x — 1) € E[x]
Exanded out, we get

1

"+ oy x4 opx™ 4+ L+ (-1)"0,

where o; are the "elementary symmetric functions" in ry,...,1,, e.g. 07 =
rn+..+r,and o, = ry---r,. We find that o; € EC, since G = Gal(E/R)
permutes the roots rq, ..., 1, and o; are symmetric. But EC = F,soo; € F.
Hence, g(x) € F[x].

f (x) is the minimal polynomial which vanishes r over F, since it is irreducible,
so f(x)|g(x) =(x—=ry)---(x—r,), as desired. O

SPLITTING FIELDS

Let F be a field and f(x) be any polynomial in F[x]. A splitting field of f(x)isan DEF 2.9
extension E/F satisfying

1. f(x) factors into linear factors in E[x]:

f(x):(x_rl)"'(x_rn):rnEE



PROP 2.8

PROOE.

See March 17th, 45:00min

PROOEF.

PROP 2.9

PROOE.
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2. E is generated, as a field, by the roots rq, ..., 1,,.

The splitting field always exists.

By induction on deg(f) = n. If n = 1, then E = F itself.

Let deg(f) = n+ 1. Let p(x) be an irreducible factor of f(x). Consider
L = F[x]/(p(x)). Then L is a field containing F and a root of p(x) (and hence
of f(x)). Let r be such a root of p(x) in L, and in particular recall that
r = x+(p(x)). Then x—r divides f(x)in L[x], i.e. we can write f(x) = (x—r)g(x),
with deg(g) = n.

Let E be the splitting field of g(x) over L. O

We remark that it is computationally hard to compute the degree of a splitting
field of f(x). In particular, if f(x) is irreducible of degree n, and E is the splitting
field of f(x), then

n<|[E:F]<n!

2.5 All Splitting Fields Are Equivalent

If f(x) € F[x] and E, E’ are two splitting fields of f(x) over F, then E = E’ as
extensions of F.

We’ll show again by induction on the degree deg(f) = n. If n = 1, then
E = E’ = F. Let p(x), as before, be an irreducible factor of f(x), and let r be a
root of p(x) in the splitting field E. Similarly, let 7" be a root of p(x) in E’. We
know that F(r) and F(r’) are isomorphic over F, since hey are both F[x]/p(x).
Let ¢ be the isomorphism F(r) — F(r’).

Denote L = F(r) = F(r’). Then notice that E, E” are splitting fields of g(x) :
(x —r)g(x) = f(x) over L, so E and E’ are isomorphic as extensions of L, and
hence F. O

If E/F is Galois, then E is the splitting field of a polynomial f(x) in F[x].

Since [E : F] < oo, let ay, ..., a, be a finite set of generators for E/F. Let
fi, .- fn be the minimal irreducible polynomials in F[x] having these roots.

Consider f(x) = fi(x)--- f,(x). By normality of E[x] (see Thm 2.4), all the fj’s
factor completely in E[x], and hence in F. The roots of f(x) generate E, so E
is a splitting field of f(x). O

Recall that any finite field F contains I, for some prime p, notably p = char(F).
Then, let n := dim]Fp(F). We have #F = p".
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2.6 Unique Field of Prime Power Cardinality

Given a prime p and an integer n > 1, there is a field F of cardinality p".
Furthermore, this field is unique.

One possible approach is to find a polynomial f(x) in F,[x] which is irre-

ducible of degree n. Then

F:=TFp[x]/(f(x))
is the desired field.

If F is a field of cardinality p", then F* is an abelian, cyclic group of cardinality

p" — 1. Hence, for all elements x € F*,xP"~! = 1,and hence x*" "1 -1 =0 =

xP" —1=0.

F is then the collection of roots of the polynomial x?" — x. Let F be the
splitting field of x?" — x.

Claim: This is the a field of cardinality p”. Note that x" — x has distinct roots
in any extension of .

fr) =" -x = f(x)=-1

by considering the identity above. Hence, gcd(f, f’) = 1, and #F > p". We

now need to show that #F = p" exactly. To do so, recall that the set of roots of
xP" — x is closed under addition and multiplication, and is hence a field, so

#F < p".

The uniqueness of F up to isomorphism follows from Thm 2.5. O

Note that F, as constructed above, is an extension of FP. Is it Galois?

The map ¢ : F — F by a + aP is called the Frobenius automorphism.

Because ¢ is a homomorphism, it injects F < F; but, as dime(F) < oo, @pisa
bijection, and hence an automorphism. We can write ¢ € Aut(F/F,). What is the
order of p? ¢*(a) = a”". What is the least k such that ¢*(a) = aVa € F. If there
exists such a k, then xP* — x has at least p" roots, and so k > n. But also ¢" =1,
so exactly k = n, and ord(¢) = n in Aut(F/F,). Hence, Z/pZ C Aut(F/F,). But
#Aut(F/F,) < [F/F,] = n, soin fact Z/pZ = Aut(F/F,), with a canonical generator

@ of order n:
Gal(F/F,) = {@, ... "', @" = 1)

PROOEF.

DEF 2.10
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